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The paper presents a methodology for the stochastic modeling of dynamics of economic system’s industry
outputs and other relevant indicators. The methodology is based on the use of a system of the third-order ordi-
nary differential equations taking into account the fluctuational nature of the dynamics of changes in gross out-
puts and also on the use of coefficients reflecting proportions of unit gross investments into different industries
as well as coefficients describing the dependence of changes in gross outputs on net investments into the rele-
vant industries. The mathematical correctness of the presented methodology is validated.
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ÁÃÝÓ (Ìèíñê)

ÌÎÄÅËÈÐÎÂÀÍÈÅ ÄÈÍÀÌÈÊÈ ÂÛÏÓÑÊÎÂ ÎÒÐÀÑËÅÉ
Ñ ÏÎÌÎÙÜÞ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Â ñòàòüå ïðåäñòàâëåíà ìåòîäèêà ìîäåëèðîâàíèÿ äèíàìèêè âûïóñêîâ îòðàñëåé ýêîíîìè÷åñêîé
ñèñòåìû è ñâÿçàííûõ ñ íèìè ïîêàçàòåëåé. Ìåòîäèêà îñíîâàíà íà èñïîëüçîâàíèè ñèñòåìû îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà, ó÷èòûâàþùèõ êîëåáàòåëüíûé õàðàêòåð
äèíàìèêè èçìåíåíèé âàëîâûõ âûïóñêîâ, à òàêæå íà èñïîëüçîâàíèè êîýôôèöèåíòîâ, îòðàæàþùèõ
ïðîïîðöèè óäåëüíûõ âàëîâûõ èíâåñòèöèé â ðàçíûå îòðàñëè, è êîýôôèöèåíòîâ, îïèñûâàþùèõ çàâè-
ñèìîñòü èçìåíåíèé âàëîâûõ âûïóñêîâ îòðàñëåé îò ÷èñòûõ èíâåñòèöèé â äàííûå îòðàñëè. Îáîñíî-
âàíà ìàòåìàòè÷åñêàÿ êîððåêòíîñòü ïðåäñòàâëåííîé ìåòîäèêè.

Êëþ÷åâûå ñëîâà: ìîäåëèðîâàíèå; äèíàìèêà; âàëîâîé âûïóñê; èíâåñòèöèè; äèôôåðåíöèàëüíîå óðàâ-
íåíèå; áàëàíñîâàÿ ìîäåëü; îòíîñèòåëüíàÿ ñêîðîñòü; êîëåáàíèå; îòðàñëü; ïðîïîðöèÿ; êîýôôèöèåíò.

Ïðè ìîäåëèðîâàíèè äèíàìèêè âàëîâûõ âûïóñêîâ îòðàñëåé ýêîíîìèêè êëþ÷åâóþ
ðîëü èãðàþò èíâåñòèöèè â îñíîâíîé êàïèòàë óêàçàííûõ îòðàñëåé. Ïðè ýòîì ìîæíî çà-
ìåòèòü, ÷òî äèíàìèêà èçìåíåíèÿ âûïóñêîâ îòðàñëåé íîñèò êîëåáàòåëüíûé õàðàêòåð.
Â ÷àñòíîñòè, âàëîâîé âûïóñê îòðàñëè ìîæåò ïàäàòü íåñìîòðÿ íà ïîëîæèòåëüíîå çíà÷å-
íèå ÷èñòûõ èíâåñòèöèé â ðàññìàòðèâàåìóþ îòðàñëü. Ýòî ÿâëÿåòñÿ îñíîâîé ðàçðàáîòàí-
íîé íàìè è ïðåäñòàâëåííîé â äàííîé ñòàòüå ìåòîäèêè, â ñîîòâåòñòâèè ñ êîòîðîé èñïîëü-
çóþòñÿ ñîîòíîøåíèÿ, àíàëîãè÷íûå äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ ãàðìîíè÷åñêèõ
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êîëåáàíèé [1, ñ. 98]. Êàê è äèíàìè÷åñêàÿ ìîäåëü Ëåîíòüåâà [2, c. 122–124; 3, ñ. 68–74],
ïðåäñòàâëåííàÿ â íàñòîÿùåé ñòàòüå ìîäåëü èñïîëüçóåò îñíîâíûå áàëàíñîâûå ñîîòíîøå-
íèÿ [3, ñ. 18–20; 4, ñ. 371–375; 5, ñ. 11–14]. Îäíàêî â îòëè÷èå îò ïîäõîäà, èñïîëüçóåìîãî
â äèíàìè÷åñêîé ìîäåëè Ëåîíòüåâà, ìû ïðåäëàãàåì ìîäåëèðîâàòü äèíàìèêó îòðàñëåé íà
îñíîâå èíôîðìàöèè î ðàçìåðå èíâåñòèöèé â îòðàñëè íàöèîíàëüíîé ýêîíîìèêè áåç äåòà-
ëèçàöèè î òîì, ïðîäóêöèÿ êàêèõ èìåííî îòðàñëåé èñïîëüçóåòñÿ äëÿ èíâåñòèöèé (÷òî
çíà÷èòåëüíî óïðîùàåò èíôîðìàöèîííîå îáåñïå÷åíèå ìîäåëè). Äëÿ ýòîãî ìû èñïîëüçóåì
êîýôôèöèåíòû, îòðàæàþùèå ïðîïîðöèè óäåëüíûõ âàëîâûõ èíâåñòèöèé â ðàçíûå îòðàñ-
ëè (â ðàñ÷åòå íà âàëîâûå âûïóñêè ñîîòâåòñòâóþùèõ îòðàñëåé), à òàêæå êîýôôèöèåíòû,
îïèñûâàþùèå çàâèñèìîñòü èçìåíåíèé âàëîâûõ âûïóñêîâ îòðàñëåé îò ÷èñòûõ èíâåñòè-
öèé â äàííûå îòðàñëè.

Êîýôôèöèåíòû ïðîïîðöèé èíâåñòèðîâàíèÿ. Ïóñòü n — îáùåå êîëè÷åñòâî îòðàñëåé
ýêîíîìè÷åñêîé ñèñòåìû. Îáîçíà÷èì ÷åðåç xi(t) èíòåíñèâíîñòü (ñêîðîñòü) ïðîèçâîäñòâà
âàëîâîãî âûïóñêà i-é îòðàñëè â ìîìåíò âðåìåíè t, ÷åðåç x(t) — âåêòîð-ñòîëáåö çíà÷åíèé
xi(t), i n� 1, , (ò.å. x t x t x tn

T( ) [ ( ), , ( )]� 1 � , ãäå âåðõíèé èíäåêñ T îçíà÷àåò òðàíñïîíèðîâà-

íèå), ÷åðåç vij(t) — èíòåíñèâíîñòü âàëîâîãî èíâåñòèðîâàíèÿ ïðîäóêöèè âèäà i â îñíîâíîé
êàïèòàë îòðàñëè j â ìîìåíò âðåìåíè t, ÷åðåç v tj� ( ) — èíòåíñèâíîñòü âàëîâîãî èíâåñòèðî-
âàíèÿ ïðîäóêöèè âñåõ âèäîâ â îñíîâíîé êàïèòàë îòðàñëè j

v t v tj ij
i

n

�
�

� �( ) ( )
1

. (1)
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Îòìåòèì, ÷òî èç ðàâåíñòâà (2) ñëåäóþò ñîîòíîøåíèÿ
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ò.å. çíà÷åíèå
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ðàâíî îòíîøåíèþ âàëîâûõ èíâåñòèöèé â i-þ îòðàñëü â ðàñ÷åòå íà åäè-

íèöó âàëîâîãî âûïóñêà i-é îòðàñëè ê âàëîâûì èíâåñòèöèÿì â j-þ îòðàñëü â ðàñ÷åòå íà
åäèíèöó âàëîâîãî âûïóñêà j-é îòðàñëè.

Â ñèëó ñîîòíîøåíèé (3) êîýôôèöèåíòû � i t( ), i n� 1, , îïèñûâàþò ïðîïîðöèè óäåëü-
íûõ âàëîâûõ èíâåñòèöèé â ðàçíûå îòðàñëè (â ðàñ÷åòå íà âàëîâûå âûïóñêè ñîîòâåòñòâóþ-
ùèõ îòðàñëåé).

Îòìåòèì, ÷òî èç ðàâåíñòâà (2) âûòåêàåò òàêæå ñëåäóþùåå ðàâåíñòâî:
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Âûðàçèâ v ti� ( ) èç ðàâåíñòâà (2) ïðè j = 1, ïîëó÷èì
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Îáîçíà÷èì ÷åðåç v t� ( ) èíòåíñèâíîñòü âàëîâîãî èíâåñòèðîâàíèÿ âñåõ âèäîâ ïðîäóê-
öèè âî âñå îòðàñëè ýêîíîìè÷åñêîé ñèñòåìû. Îòìåòèì, ÷òî â ñîîòâåòñòâèè ñ ôîðìóëîé (1)
äëÿ v t� ( ) ñïðàâåäëèâî ðàâåíñòâî
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Ïðîñóììèðîâàâ ñîîòíîøåíèÿ (5) ïî èíäåêñó i, ñ ó÷åòîì ôîðìóëû (6) áóäåì èìåòü
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Èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò, ÷òî
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Ïîäñòàâèâ ïðàâóþ ÷àñòü ðàâåíñòâà (8) â ñîîòíîøåíèå (5), ïîëó÷èì
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Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ äèíàìèêè âûïóñêîâ îòðàñëåé. Îáîç-
íà÷èì ÷åðåç di(t) èíòåíñèâíîñòü ïîòðåáëåíèÿ îñíîâíîãî êàïèòàëà i-é îòðàñëè (ïðè ïðî-
èçâîäñòâå ïðîäóêöèè i-ãî âèäà), ÷åðåç d(t) — âåêòîð-ñòîëáåö çíà÷åíèé di(t), i n� 1, (ò.å.

d t d t d tn
T( ) [ ( ), , ( )]� 1 � ), ÷åðåç gi(t) — èíòåíñèâíîñòü ÷èñòîãî èíâåñòèðîâàíèÿ âñåõ âèäîâ

ïðîäóêöèè â îñíîâíîé êàïèòàë i-é îòðàñëè, ÷åðåç g(t) — âåêòîð-ñòîëáåö çíà÷åíèé gi(t),
i n� 1, .

Îòìåòèì, ÷òî

g t v t d ti i i( ) ( ) ( )� �� , i n� 1, . (10)

Îáîçíà÷èì ÷åðåç � ( )x ti ìãíîâåííóþ ñêîðîñòü èçìåíåíèÿ èíòåíñèâíîñòè ïðîèçâîäñòâà
âàëîâîãî âûïóñêà i-é îòðàñëè. Ìàòåìàòè÷åñêè çíà÷åíèå � ( )x ti ðàâíî ïðîèçâîäíîé îò

xi(t) ïî âðåìåííîìó àðãóìåíòó t (ò.å. � ( ) ( )x t
dx

dt
ti � ). Çàìåòèì, ÷òî çíà÷åíèå � ( ) / ( )x t x ti i —

ýòî îòíîñèòåëüíàÿ ñêîðîñòü èçìåíåíèÿ èíòåíñèâíîñòè ïðîèçâîäñòâà âàëîâîãî âûïóñêà
i-é îòðàñëè, à g t x ti i( ) / ( ) — îòíîñèòåëüíàÿ (óäåëüíàÿ) èíòåíñèâíîñòü ÷èñòîãî èíâåñòèðî-

âàíèÿ â îñíîâíîé êàïèòàë i-é îòðàñëè.
Åñòåñòâåííî ñ÷èòàòü, ÷òî îòíîñèòåëüíàÿ ñêîðîñòü èçìåíåíèÿ çíà÷åíèÿ � ( ) / ( )x t x ti i

óâåëè÷èâàåòñÿ ïðè óâåëè÷åíèè çíà÷åíèÿ g t x ti i( ) / ( ) è ïðè ýòîì êîãäà çíà÷åíèå � ( ) / ( )x t x ti i
ñòàíîâèòñÿ ñëèøêîì áîëüøèì, óêàçàííàÿ ñêîðîñòü íà÷èíàåò óìåíüøàòüñÿ. Â ñîîòâåòñò-
âèè ñ ýòèìè ñîîáðàæåíèÿìè áóäåì ñ÷èòàòü, ÷òî ñîîòâåòñòâóþùèå çíà÷åíèÿ âçàèìîñâÿçà-
íû ñëåäóþùèì îáðàçîì:
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ãäå �i t( ) è 	 i t( ) — íåêîòîðûå ïîëîæèòåëüíûå ïàðàìåòðû (âîîáùå ãîâîðÿ, çàâèñÿùèå îò âðåìåííîãî
àðãóìåíòà t).

Çàìå÷àíèå 1. Äëÿ òîãî ÷òîáû ïðîÿñíèòü ýêîíîìè÷åñêèé ñìûñë ñîîòíîøåíèé (11),
ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà óäåëüíàÿ èíòåíñèâíîñòü ÷èñòîãî èíâåñòèðîâàíèÿ
g t x ti i( ) / ( ) ïîñòîÿííà è ðàâíà 
i , è ïðè ýòîì êîýôôèöèåíòû�i t( ) è 	i t( ) ïîñòîÿííû. Òîãäà,
îáîçíà÷èâ îòíîñèòåëüíóþ ñêîðîñòü � ( ) / ( )x t x ti i ÷åðåç y(t), ðàâåíñòâî (11) ìîæíî çàïèñàòü
ñëåäóþùèì îáðàçîì:
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Äèôôåðåíöèàëüíîå óðàâíåíèå (12) îïèñûâàåò êîëåáàíèÿ ãàðìîíè÷åñêîãî îñöèëëÿ-
òîðà [1, ñ. 98]. Ïðè ýòîì ÷òî îòíîøåíèå� 
 	i i/ îïðåäåëÿåò ñðåäíåå çíà÷åíèå, îêîëî êîòî-
ðîãî êîëåáëåòñÿ çíà÷åíèå yi(t), à 	i — ïàðàìåòð, õàðàêòåðèçóþùèé èíòåíñèâíîñòü ýòèõ
êîëåáàíèé, îòìåòèì, ÷òî â ñîîòâåòñòâèè ñ óðàâíåíèåì (12) îòíîñèòåëüíàÿ ñêîðîñòü
yi(t) èçìåíåíèÿ èíòåíñèâíîñòè ïðîèçâîäñòâà âàëîâîãî âûïóñêà i-é îòðàñëè ìîæåò áûòü
îòðèöàòåëüíîé äàæå ïðè ïîëîæèòåëüíîé èíòåíñèâíîñòè ÷èñòîãî èíâåñòèðîâàíèÿ 
.

Ïóñòü �i t( ) — êîýôôèöèåíò ïîòðåáëåíèÿ îñíîâíîãî êàïèòàëà i-é îòðàñëè
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Çàìåòèì, ÷òî èç ðàâåíñòâ (13) ñëåäóåò
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Îòìåòèì, ÷òî íàðÿäó ñ ôîðìóëîé (6) äëÿ çíà÷åíèÿ v t� ( ) ñïðàâåäëèâà òàêæå ñëåäóþ-
ùàÿ ôîðìóëà:
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ãäå v ti� ( ) — èíòåíñèâíîñòü âàëîâîãî èíâåñòèðîâàíèÿ i-ãî âèäà ïðîäóêöèè â îñíîâíîé êàïèòàë âñåõ

îòðàñëåé (ò.å. v t v ti ij
j

n

�
�

� �( ) ( )
1

).

Îáîçíà÷èì÷åðåçv t�� ( ) âåêòîð-ñòîëáåö çíà÷åíèév ti� ( ), i n� 1, (ò.å.v t v t v tn
T

�� � ��( ) [ ( ), , ( )]1 � ),

÷åðåç hi(t) — ñóììàðíóþ èíòåíñèâíîñòü êîíå÷íîãî ïîòðåáëåíèÿ è ÷èñòîãî ýêñïîðòà ïðî-
äóêöèè i-ãî âèäà è ÷åðåç h(t) — âåêòîð-ñòîëáåö çíà÷åíèé hi(t), i n� 1, . Â ñîîòâåòñòâèè
ñ [3, ñ. 18–20; 4, ñ. 371–375; 5, ñ. 11–14] îñíîâíûå áàëàíñîâûå ñîîòíîøåíèÿ â ìàòðè÷íîé
ôîðìå ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

x t A t x t v t h t( ) ( ) ( ) ( ) ( )�  � � , (17)

ãäå A t a tij( ) [ ( )]� (i n� 1, , j n� 1, ) — ìàòðèöà êîýôôèöèåíòîâ èíòåíñèâíîñòåé ïðÿìûõ çàòðàò â ìî-
ìåíò âðåìåíè t (êîýôôèöèåíò aij(t) ðàâåí èíòåíñèâíîñòè èñïîëüçîâàíèÿ ïðîäóêöèè âèäà i â êà÷å-
ñòâå îáîðîòíîãî êàïèòàëà îòðàñëè j â ðàñ÷åòå íà ïðîèçâîäñòâî åäèíèöû ïðîäóêöèè îòðàñëè j â ìî-
ìåíò âðåìåí t).

Ìåòîäèêà ñòîõàñòè÷åñêîãî ìîäåëèðîâàíèÿ äèíàìèêè êîýôôèöèåíòîâ ïðÿìûõ çàò-
ðàò aij(t), i n� 1, , j n� 1, , ïðåäñòàâëåíà â ñòàòüå [6].

Âûðàçèì âåêòîð v t�� ( ) èç ìàòðè÷íîãî ðàâåíñòâà (17)

v t I A t x t h tn� � � � �( ) [ ( )] ( ) ( ). (18)

Ïðåäïîëîæèì, ÷òî âåêòîð h t h t h tn
T( ) [ ( ), , ( )]� 1 � ñóììàðíûõ èíòåíñèâíîñòåé êîíå÷-

íîãî ïîòðåáëåíèÿ è ÷èñòîãî ýêñïîðòà çàâèñèò îò âåêòîðà x t x t x tn
T( ) [ ( ), , ( )]� 1 � âàëîâûõ

âûïóñêîâ, ïðè÷åì óêàçàííàÿ çàâèñèìîñòü îïèñûâàåòñÿ ñëåäóþùåé ôîðìóëîé

h t H t x t( ) ( ) ( )� , (19)

ãäå H(t) — êâàäðàòíàÿ ìàòðèöà ðàçìåðîìn n� (âîîáùå ãîâîðÿ, çàâèñÿùàÿ îò âðåìåííîãî àðãóìåíòà t).
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Ïîäñòàâèâ ôîðìóëó (19) â ñîîòíîøåíèå (18), ïîëó÷èì

v t I A t H t x tn� � � � �( ) [ ( ) ( )] ( ). (20)

Â ñîîòâåòñòâèè ñ ðàâåíñòâîì (16) áóäåì èìåòü

v t I A t H t x tn
T

n� � � �( ) [ ( ) ( )] ( )1 , (21)

ãäå 1n
T — âåêòîð-ñòðîêà, ñîñòîÿùàÿ èç n åäèíèö.

Ïîäñòàâèì ôîðìóëó (21) â ðàâåíñòâà (15)

g t
t x t

t x t
I A t H t xi

i i

j j
j

n n
T

n( )
( ) ( )

( ) ( )

[ ( ) ( )] (� � �

�
�

�

�
1

1 t t x ti i) ( ) ( )� � , i n� 1, . (22)

Ïîäñòàâèâ ïîñëåäíþþ ôîðìóëó â ñîîòíîøåíèå (11), ïîëó÷èì

d

dt

x t

x t
t

t

t x t
I Ai

i
i

i

j j
j

n n n

2

2

1

1
� ( )

( )
( )

( )

( ) ( )

[� �

�
�

�
�

�

� ( ) ( )] ( ) ( ) ( )
� ( )

( )
t H t x t t t

x t

x t
i i

i

i

� � �� 	 , i n� 1, . (23)

Ðàâåíñòâà (23) ìîæíî ðàññìàòðèâàòü â êà÷åñòâå ñèñòåìû îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà îòíîñèòåëüíî xi(t), i n� 1, . Ïðè ýêçîãåííî çàäàí-
íûõ âåêòîðàõ x t x t x tn

T( ) [ ( ), , ( )]0 1 0 0� � , �( ) [ � ( ), , � ( )]x t x t x tn
T

0 1 0 0� � , ��( ) [�� ( ), , �� ( )]x t x t x tn
T

0 1 0 0� �

èíòåíñèâíîñòåé âàëîâîãî âûïóñêà è åãî (ïåðâîé è âòîðîé) ïðîèçâîäíûõ â íà÷àëüíûé ìî-
ìåíò âðåìåíè t0 ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (23) îïðåäåëÿåò òðàåêòîðèè
xi(t), i n� 1, , t t� 0 (ïðè âûïîëíåíèè íåêîòîðûõ óñëîâèé äëÿ ïðîöåññîâ �i t( ), 	i t( ), � i t( ),
�i t( ), i n� 1, , A(t), H(t); ñì. íèæå).

Çàìå÷àíèå 2. Â ñëó÷àå êîãäà ïðîöåññû�i t( ), 	i t( ),� i t( ), �i t( ), i n� 1, , A(t), H(t) ÿâëÿþò-
ñÿ ñëó÷àéíûìè, ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (23) (à òàêæå äðóãèõ
äèôôåðåíöèàëüíûõ óðàâíåíèé, ôèãóðèðóþùèõ â íàñòîÿùåé ñòàòüå) áóäåì ïîíèìàòü
êàê ïîòðàåêòîðíîå ðåøåíèå. Ýòî çíà÷èò, ÷òî äëÿ âñåõ ýëåìåíòàðíûõ ñîáûòèé ��� (ãäå
� — ìíîæåñòâî âñåõ ýëåìåíòàðíûõ ñîáûòèé) èìåþò ìåñòî ñîîòíîøåíèÿ:

d

dt

x t

x t
t

t

t x t

i

i
i

i

j j
j

2

2

� ( , )

( , )
( , )

( , )

( , ) ( , )

�

�
� �

� �

� � �
�

�
�

� � � �

1

1
n n

T
n iI A t H t x t t[ ( , ) ( , )] ( , ) ( , )� � � � �

�	 �
�

�
i

i

i

t
x t

x t
( , )

� ( , )

( , )
, � �t t0, i n� 1, .

(24)

Ïðè òàêîì ïîäõîäå èññëåäîâàíèå äèôôåðåíöèàëüíûõ óðàâíåíèé ñî ñëó÷àéíûìè ïðî-
öåññàìè ñâîäèòñÿ ê èññëåäîâàíèþ äåòåðìèíèðîâàííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
(äëÿ êîòîðûõ ìîæíî èñïîëüçîâàòü ñîîòâåòñòâóþùèå øèðîêî èçâåñòíûå ðåçóëüòàòû).

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî ïðîöåññû �i t( ), 	i t( ), � i t( ), �i t( ), i n� 1, , A(t), H(t)
(à ñëåäîâàòåëüíî, è x(t)) ÿâëÿþòñÿ ñëó÷àéíûìè. (Äëÿ êðàòêîñòè â íåêîòîðûõ ñëó÷àÿõ
ìû íå áóäåì óêàçûâàòü ýëåìåíòàðíîå ñîáûòèå â ñïèñêå àðãóìåíòîâ ñîîòâåòñòâóþùèõ
ñëó÷àéíûõ ïðîöåññîâ.)

Ñóùåñòâîâàíèå, åäèíñòâåííîñòü è ïîëîæèòåëüíîñòü ðåøåíèÿ ñèñòåìû äèôôåðåí-

öèàëüíûõ óðàâíåíèé. Ïîêàæåì, ÷òî ïðè ëþáîì çàäàííîì ïîëîæèòåëüíîì íà÷àëüíîì
âåêòîðåx t x t x tn

T( ) [ ( ), , ( )]0 1 0 0� � ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (23) èìååò åäèí-
ñòâåííîå ðåøåíèå, ïðè÷åì îíî ïîëîæèòåëüíî è îïðåäåëåíî íà âñåì èíòåðâàëå [ , )t0 � .

Äëÿ ýòîãî âíà÷àëå ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ïîëîæèòåëüíûé âåêòîðíûé ñëó-
÷àéíûé ïðîöåññ x t x t x tn

T( ) [ ( ), , ( )]� 1 � , t t� 0, äëÿ êîòîðîãî ñïðàâåäëèâû ðàâåíñòâà (23).
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Îáîçíà÷èì z t x ti i( ) ln ( )� , z t z t z tn
T( ) [ ( ), , ( )]� 1 � è exp ( ) [exp ( ), ,exp ( )]z t z t z tn

T� 1 � . Òîãäà
â ñèëó ðàâåíñòâ (23)

d z

dt
t t

t

t z t
I A ti

i
i

j j
j

n n
T

n

3

3

1

1( ) ( )
( )

( ) exp ( )

[ ( )� �

�
�

�
�

�
� � �H t z t t t

dz

dt
ti i

i( )] exp ( ) ( ) ( ) ( )� 	 , i n� 1, . (25)

Íåñëîæíî çàìåòèòü, ÷òî ñóùåñòâîâàíèå, åäèíñòâåííîñòü è ïîëîæèòåëüíîñòü ðåøå-
íèÿ x t x t x tn

T( ) [ ( ), , ( )]� 1 � ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (23) íà èíòåðâàëå
[ , )t0 � , (ïðè çàäàííîì íà÷àëüíîì âåêòîðå x(t0)) ðàâíîñèëüíû ñóùåñòâîâàíèþ è åäèí-
ñòâåííîñòè ðåøåíèÿ z t z t z tn

T( ) [ ( ), , ( )]� 1 � ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (25)
íà óêàçàííîì èíòåðâàëå (ïðè çàäàííîì íà÷àëüíîì âåêòîðå z t x t x tn

T( ) [ln ( ), ,ln ( )]0 1 0 0� � ).
Çàïèøåì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (25) â ñëåäóþùåì âèäå (â ñîîòâåò-

ñòâèè ñ çàìå÷àíèåì 2):

d z

dt
t f t z t z ti

i

3

3
( , ) [ , ( ), �( ), ]� �� , i n� 1, , (26)

ãäå ôóíêöèè f t z zi ( , , �, )� , i n� 1, , îïðåäåëåíû ïî ôîðìóëå

f t z z t
t

t z
Ii i

i

j j
j

n n
T

n( , , �, ) ( , )
( , )

( , ) exp

[� � �
� �

� �
�

�
�

1

1 � � � �A t H t z t t zi i i( , ) ( , )] exp ( , ) ( , ) �� � � � 	 � . (27)

Çàìåòèì, ÷òî ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (26) òðåòüåãî ïîðÿäêà ðàâíîñè-
ëüíà ñëåäóþùåé ñèñòåìå ïåðâîãî ïîðÿäêà:

dz

dt
t f t z t z ti

i
��

( , ) [ , ( , ), �( , ), ]� � � �� , i n� 1, , (28)

dz

dt
t z ti

i
�

( , ) ��( , )� �� , i n� 1, , (29)

dz

dt
t z ti

i( , ) � ( , )� �� , i n� 1, (30)

îòíîñèòåëüíî (íåèçâåñòíûõ) ôóíêöèé z t( , )� , � ( , )z ti � , �� ( , )z ti � , i n� 1, .

Îáîçíà÷èì ÷åðåç f t z( , , )� âåêòîðíóþ ôóíêöèþ ñ êîìïîíåíòàìè f t zi ( , , )� (ò.å. f t z( , , )� �
�

�
[ ( , , )]

,
f t zi i n

�
1

). Ñ ïîìîùüþ òåîðåìû 2.1 ìîíîãðàôèè [7, ñ. 69], à òàêæå ñ ó÷åòîì ìàòåðè-
àëà óêàçàííîé ìîíîãðàôèè, íåñëîæíî ïîêàçàòü, ÷òî äëÿ ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè ðåøåíèÿ ñèñòåìû (28)–(30) (à ñëåäîâàòåëüíî, è ñèñòåìû (26)) íà èíòåðâàëå [ , )t0 � ïðè
çàäàííîì íà÷àëüíîì âåêòîðå z(t0) ïðè êàæäîì ôèêñèðîâàííîì ýëåìåíòàðíîì ñîáûòèè
��� äîñòàòî÷íî ñóùåñòâîâàíèÿ òàêèõ íåóáûâàþùèõ ïî àðãóìåíòó T ôóíêöèé k T a1( , , )�
è k T2( , )� , T t� 0, a � 0, ���, ÷òî

1) f t z z f t z z k T a z z z( , , � , ) ( , , � , ) ( , , ) �� � � �� � � � � ��  � � �� � �1 � ���z (31)

� �T t0, t T� ,a � 0, � �z a, �� �z a, � ��z a, ��� �z a,��� (ëîêàëüíîå óñëîâèå Ëèïøèöà);

2) � �f t z z k T z z( , , �, ) ( , ) �� ��  2 1 (32)

� �T t0, t T� , z Rn� , ��� (ëèíåéíûé ïîðÿäîê ðîñòà ïî z).

Çäåñü � — îïåðàòîð âåêòîðíîé íîðìû.

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî ñëó÷àéíûå ïðîöåññû �i t( ), 	i t( ), � i t( ), �i t( ), i n� 1, ,
A(t), H(t) ïîòðàåêòîðíî íåïðåðûâíû. Î÷åâèäíî, ÷òî ïîòðàåêòîðíàÿ íåïðåðûâíîñòü óêà-
çàííûõ ñëó÷àéíûõ ïðîöåññîâ îáåñïå÷èâàåò ïîòðàåêòîðíóþ íåïðåðûâíîñòü ÷àñòíûõ
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ïðîèçâîäíûõ
�
�

�
f

z
t z zi

j

( , , �, ) è
�
�

�
f

z
t z zi

j�
( , , �, ), i n� 1, , j n� 1, , ôóíêöèé (27) ïî âåêòîðíîìó àðãó-

ìåíòó ( , , �)t z z ïðè ëþáîì ���, ÷òî â ñâîþ î÷åðåäü ãàðàíòèðóåò âûïîëíåíèå ëîêàëüíîãî
óñëîâèÿ Ëèïøèöà (31).

Èññëåäóåì ôóíêöèþ f t z f t zi i n
( , , ) [ ( , , )]

,
� ��

�1
íà ïðåäìåò âûïîëíåíèÿ óñëîâèÿ (32).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

� �� � 	 � � � �( , ) max ( , ) [ , ], ,T t t t T i ni 0 1 , (33)

� �	 � 	 � � � �( , ) max ( , ) [ , ], ,T t t t T i ni 0 1 , (34)

� �� � � � � � �( , ) max ( , ) [ , ], ,T t t t T i ni 0 1 , (35)

� �� � � �� � � �( , ) min ( , ) [ , ], ,T t t t T i ni 0 1 , (36)

� �� � � � � � �( , ) max ( , ) [ , ], ,T t t t T i ni 0 1 , (37)

� �A T a t t t T i n j nij
 � � � �( , ) max ( , ) [ , ], , , ,� � 0 1 1 , (38)

� �H T H t t t T i n j nij
 � � � �( , ) max ( , ) : [ , ], , , ,� � 0 1 1 . (39)

Îòìåòèì, ÷òî ïîòðàåêòîðíàÿ íåïðåðûâíîñòü ñëó÷àéíûõ ïðîöåññîâ �i t( ), 	i t( ), � i t( ),
�i t( ), i n� 1, , A(t), H(t) îáåñïå÷èâàåò ñóùåñòâîâàíèå çíà÷åíèé (33)–(39). Ïðè ýòîì â ñèëó

ïîëîæèòåëüíîñòè ñëó÷àéíûõ ïðîöåññîâ �i t( ), 	i t( ), � i t( ), �i t( ), i n� 1, , çíà÷åíèÿ (33)–(37)

ïîëîæèòåëüíû, à èç íåîòðèöàòåëüíîñòè çíà÷åíèé a tij ( , )� è H tij ( , )� , i n� 1, , j n� 1, , ñëå-

äóåò íåîòðèöàòåëüíîñòü çíà÷åíèé (38), (39).
Îáîçíà÷èì ÷åðåç M T( , )� ìàêñèìàëüíîå èç çíà÷åíèé � � ( , )T , 	 � ( , )T , � � ( , )T ,

1 � �� ( , )T , � � ( , )T , A T ( , )� , H T ( , )� . Íåñëîæíî çàìåòèòü, ÷òî ôóíêöèÿ M T( , )� ïîëîæè-
òåëüíà, íå óáûâàåò ïî àðãóìåíòó T, è ïðè ýòîì èìåþò ìåñòî ñëåäóþùèå íåðàâåíñòâà:

� � �i T M T( , ) ( , )� , 	 � �i T M T( , ) ( , )� ,
1

M T
t M Ti

( , )
( , ) ( , )

�
� � �� � , (40)

� � �i t M T( , ) ( , )� , a t M Tij( , ) ( , )� �� , H t M Tij( , ) ( , )� �� (41)

ïðè ëþáûõ T t� 0, t T� , ���, i n� 1, , j n� 1, .

Òîãäà

� �
� �

� �
� �i

i

j j
j

n n
T

nt
t

t z
I A t H t( , )

( , )

( , ) exp

[ ( , ) ( ,

�
�

� �

1

1 )] exp ( , ) ( , ) �z t t zi i i� � �� � 	 �

�  

�
�

� �
� �

� �
� �i

i

j j
j

n n
T

nt
t

t z
I A t H t( , )

( , )

( , ) exp

( , ) ( ,

1

1 � �) exp ( , ) ( , ) �z t t zi i i  �� � 	 �

�   

�

��
�M T

M T

z
nM z M T M

j
j

n j
j

n

( , )
( , )

exp

( ) exp ( , )�
�

�
2

1

1

1 2 ( , ) �T zi� �

�   M T nM T M T M T zi
3 21 2( , )[ ( , )] ( , ) ( , ) �� � � � ,

ãäå Jn — ìàòðèöà åäèíèö ðàçìåðàn n� (ò.å. ìàòðèöà, êàæäûé ýëåìåíò êîòîðîé ðàâåí åäèíèöå).
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Èòàê (ñ ó÷åòîì îáîçíà÷åíèÿ (27)), ìû ïîêàçàëè, ÷òî ïðè âûïîëíåíèè íåðàâåíñòâ
(40), (41) ñïðàâåäëèâî ñîîòíîøåíèå

f t z z M T nM T M T M T zi i( , , �, ) ( , )[ ( , )] ( , ) ( , ) �� � � � ��   3 21 2 (42)

ïðè ëþáûõ T t� 0, t T� , z Rn� , ���, i n� 1, , îòñþäà ñëåäóåò íåðàâåíñòâî

� �f t z z M T nM T M T M T n( , , �, ) ( , )[ ( , )] ( , ) ( , ) �� � � � ��    3 21 2 1� �zi . (43)

Ñëåäîâàòåëüíî, óñëîâèå (32) âûïîëíÿåòñÿ ïðè ôóíêöèèk T2( , )� , ðàâíîé ïðàâîé ÷àñòè
íåðàâåíñòâà (43).

Òàêèì îáðàçîì, â ñëó÷àå êîãäà ñëó÷àéíûå ïðîöåññû�i t( ), 	i t( ),� i t( ), �i t( ), i n� 1, , A(t),
H(t) ïîòðàåêòîðíî íåïðåðûâíû, ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (26) èìååò åäèí-
ñòâåííîå ðåøåíèå ïðè ëþáîì íà÷àëüíîì óñëîâèè. Ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ èçëî-
æåííûì âûøå ïîòðàåêòîðíàÿ íåïðåðûâíîñòü óêàçàííûõ ñëó÷àéíûõ ïðîöåññîâ îáåñïå-
÷èâàåò ñóùåñòâîâàíèå, åäèíñòâåííîñòü è ïîëîæèòåëüíîñòü ðåøåíèÿ ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé (23) ïðè ëþáîì ïîëîæèòåëüíîì âåêòîðå x t x t x tn

T( ) [ ( ), , ( )]0 1 0 0� �

èíòåíñèâíîñòåé âàëîâîãî âûïóñêà îòðàñëåé â íà÷àëüíûé ìîìåíò âðåìåíè t0.
Îïèñàííàÿ â íàñòîÿùåé ñòàòüå ìåòîäèêà ïîçâîëÿåò ìîäåëèðîâàòü äèíàìèêó âàëîâûõ

âûïóñêîâ îòðàñëåé ýêîíîìèêè è ñâÿçàííûõ ñ íèìè ïîêàçàòåëåé (òàêèõ êàê êîíå÷íûå
âûïóñêè îòðàñëåé, ïðÿìîå è ïîëíîå èñïîëüçîâàíèå ïðîäóêöèè îäíèõ îòðàñëåé ïðè ïðî-
èçâîäñòâå ïðîäóêöèè äðóãèõ îòðàñëåé, âàëîâîå è ÷èñòîå èíâåñòèðîâàíèå â ðàçíûå îòðàñ-
ëè, ñóììàðíîå êîíå÷íîå ïîòðåáëåíèå è ÷èñòûé ýêñïîðò ïðîäóêöèè ðàçíûõ îòðàñëåé).
Ïðè ýòîì äîïóñêàåòñÿ ñëó÷àé, êîãäà ïîëó÷àåìûå ïðîãíîçû íîñÿò ñòîõàñòè÷åñêèé õàðàê-
òåð, ÷òî äàåò âîçìîæíîñòü ðàññ÷èòûâàòü èõ âåðîÿòíîñòíûå õàðàêòåðèñòèêè. Äëÿ òàêîãî
(ñòîõàñòè÷åñêîãî) ñëó÷àÿ íàìè äîêàçàíû ñóùåñòâîâàíèå, åäèíñòâåííîñòü è ïîëîæèòåëü-
íîñòü ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà, îïèñûâàþ-
ùèõ äèíàìèêó âàëîâûõ âûïóñêîâ, ÷òî îáîñíîâûâàåò êîððåêòíîñòü ÷èñëåííîãî ïðîãíî-
çèðîâàíèÿ âàëîâûõ âûïóñêîâ ñ ïîìîùüþ óêàçàííîé ñèñòåìû óðàâíåíèé.
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DEVELOPED MARKET INFRASTRUCTURE
AS A PREREQUISITE AND CONDITION FOR THE FORMATION

OF JOINT INDUSTRIAL CLUSTERS

The concept of infrastructure discussed in the content of the article. Effect on the efficiency of the eco-
nomic activities of the individual industries enterprises is shown. The relationship between the efficiency of
business activities of a group of enterprises in a separate territory and the state of the market infrastructure are
substantiated. To determine the efficiency of economic activity by numerous enterprises, a cluster approach is
used. It is shown how to improve the quality of doing business effects on the infrastructure content changing.

Keywords: specialization; cooperation; cluster; industry; market; technology; infrastructure; enterprise;
capital; cooperation; logistics; complementarity.
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ÊÀÊ ÏÐÅÄÏÎÑÛËÊÀ È ÓÑËÎÂÈÅ ÔÎÐÌÈÐÎÂÀÍÈß

ÑÎÂÌÅÑÒÍÛÕ ÏÐÎÌÛØËÅÍÍÛÕ ÊËÀÑÒÅÐÎÂ1

Â ñòàòüå ðàññìîòðåíî ñîäåðæàíèå ïîíÿòèå èíôðàñòðóêòóðû. Ïîêàçàíî åå âëèÿíèå íà ýôôåê-
òèâíîñòü õîçÿéñòâåííîé äåÿòåëüíîñòè ïðåäïðèÿòèé îòäåëüíûõ îòðàñëåé. Îáîñíîâàíà ñâÿçü
ìåæäó ýôôåêòèâíîñòüþ âåäåíèÿ õîçÿéñòâåííîé äåÿòåëüíîñòè ãðóïïû ïðåäïðèÿòèé íà îòäåëüíîé
òåððèòîðèè è ñîñòîÿíèåì ðûíî÷íîé èíôðàñòðóêòóðû. Äëÿ îïðåäåëåíèÿ ýôôåêòèâíîñòè õîçÿé-
ñòâåííîé äåÿòåëüíîñòè ìíîæåñòâà ïðåäïðèÿòèé èñïîëüçîâàí êëàñòåðíûé ïîäõîä. Ïîêàçàíî, êàêèì
îáðàçîì íåîáõîäèìîñòü ïîâûøåíèÿ êà÷åñòâà âåäåíèÿ ïðåäïðèíèìàòåëüñêîé äåÿòåëüíîñòè âëèÿåò
íà èçìåíåíèå ñîäåðæàíèÿ ðûíî÷íîé èíôðàñòðóêòóðû.
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èíôðàñòðóêòóðà; ïðåäïðèÿòèå; êàïèòàë; ñîòðóäíè÷åñòâî; ëîãèñòèêà; êîìïëèìåíòàðíîñòü.
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